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Abstract

We study the elastic responses of double- (ds) and single-stranded (ss) DNA at external force
1elds. A double-strand-polymer elastic model is constructed and solved by path integral methods
and Monte Carlo simulations to understand dsDNA entropic elasticity, cooperative extensibility,
and supercoiling property. The good agreement with experiments indicates that short-ranged
base-pair stacking interaction is crucial for the stability and the high deformability of dsDNA.

Hairpin-coil transition in ssDNA is studied with generating function method. A threshold force
is needed to pull the ssDNA hairpin patterns, stabilised by base pairing and base-pair stacking,
into random coils. This phase transition is predicted to be of 1rst order for stacking potential
higher than some critical level, in accordance with observations. c© 2002 Elsevier Science B.V.
All rights reserved.
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1. Introduction

Double-stranded DNA (dsDNA) stores the hereditary information of a cell. It is a
macromolecule capable of being severely bended, twisted, or stretched without leading
to permanent damage. During the last decade, single-molecule mechanical manipulation
experiments have revealed many novel elastic properties of dsDNA. At low external
forces, dsDNA is a semi;exible polymer with a large stretching modulus (∼103 pN [1])
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and bending persistence length (∼ 50 nm [2,3]); but, if pulled with a force of about
70 pN, the molecule as a whole can suddenly be driven to an almost fully stretched
state with a contour length 1:7 times its native value [1,4]. On the other hand, if there
is a negative torsional stress, a pulling force as small as 0:3 pN can distort the native
structure of DNA considerably [5,6].
As an attempt to understand the above-mentioned DNA entropic elasticity, cooper-

ative extensibility and supercoiling property, we introduce and solve a simple elastic
model for dsDNA in Sections 2 and 3 and compare the results with experiments. It
appears that the short-ranged base-pair stacking interaction could account for both the
stability of dsDNA double-helix and its high deformability at large external forces.
At physiological salt conditions, a single-stranded DNA (ssDNA) or RNA polymer

usually exists as a compact hairpin structure, because of the possibility of base-pairing
between complementary nucleotides. Recent mechanical experiments [7–10] indicated
the existence of a hairpin-coil transition when the ssDNA molecule is pulled with an
external force. This transition can be gradual [7–9] or abrupt [10], depending on the
ssDNA sequence concerned. In Section 4 we study this transition process theoreti-
cally, and show that the transition cooperativity is controlled by the base-pair stacking
interaction in the DNA hairpin structure.

2. Double-stranded DNA with axial stress

We model a dsDNA polymer as composed of two inextensible strings which are
linked together by many rigid rods of 1xed length. The two inextensible backbones
of DNA are characterised by the same bending rigidity � = kBT‘p (‘p � 1:5 nm [1]).
Their position vectors are ri =

∫ s ti(s′) ds′, where ti (i=1; 2) is the unit tangent of the
ith backbone, and s its arc length. We regard each nucleotide base-pair as a rigid rod
of length 2R pointing along direction b from r1 to r2, with r2(s)− r1(s) = 2Rb(s); we
further suppose b ·t1=b ·t2 ≡ 0. DNA central axis is r(s)=r1(s)+Rb(s), and its tangent
is denoted by t, with t ·b=0. We see that t1= t cos ’+n sin’ and t2= t cos ’−n sin’,
where n = b× t and ’, the folding angle, is half the rotational angle from t2 to t1 (b
being the rotational axis): −�=2¡’¡ + �=2 (’¿ 0 for right-handed rotations and
¡ 0 for left-handed ones). Geometrically, we have db=ds = (t2 − t1)=2R=−n sin’=R
and dr=ds= (t1 + t2)=2 = t cos ’.
The bending energy of the backbones, Eb=

∫
(�=2)[(dt1=ds)2+(dt2=ds)2] ds, is shown

to be

Eb =
∫ L

0

[
�
(
dt
ds

)2

+ �
(
d’
ds

)2

+
�
R2 sin

4 ’

]
ds ; (1)

here L is the total contour length of each backbone. The second and the third terms in
Eq. (1) is deformation energy caused by folding of the backbones with respect to the
central axis, and the 1rst term, �(dt=ds)2, is the bending energy of DNA central axis
contributed by the two backbones. So far, base-pairs are viewed as thin rods and their
contribution to the bending rigidity of DNA chain is not considered. The simplest way
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to consider base-pair steric eJect is to replace � in the 1rst term of Eq. (1) with a
phenomenological parameter �∗ = kBT‘∗p , with ‘∗p ¿‘p. Hereafter this is assumed.

Besides steric eJects, nucleotide base-pairs also contribute to stacking energy. This
energy mainly originates from noncovalent van der Waals interactions between adjacent
base-pairs. Stacking interaction is short ranged and is characterised by an attraction
potential proportional to 1=r6 and a strong repulsion potential proportional to 1=r12 (r
is the axial distance between adjacent base-pairs). In the continuous model, the line
density of such Lennard–Jones-type potential is written as

�(’) =

{
(�=r0)[(cos’0=cos’)12 − 2(cos’0=cos’)6] (’¿ 0) ;

constant � 0 (’¡ 0)
(2)

and the total stacking energy is ELJ =
∫ L
0 � ds. In Eq. (2), r0 is the backbone arclength

between adjacent bases; ’0 is a parameter related to the equilibrium distance between
a DNA dimer; � is the stacking intensity which is generally sequence dependent. Here,
we focus on macroscopic properties of DNA and consider � in the average sense and
take it as a constant, � � 14:0kBT [11]. The asymmetric stacking potential Eq. (2)
ensures a relaxed DNA to take on a right-handed double-helix folding angle ’ ∼ ’0.
However, if adjacent base-pairs are pulled apart slightly from the equilibrium distance,
the stacking interaction intensity quickly decreases because of its short-range nature.
In other words, the stacking potential can endure only a limited pulling force. We
suggest this to be closely related to the observed DNA highly cooperative extensibility
at 70 pN.
Under external force F=fz0 along direction z0, the total energy functional is then E=

Eb+ELJ −
∫ L
0 f cos’t ·z0 ds. And the Green function G(t; ’; t′; ’′; s) which determines

the probability distribution of t and ’ along DNA chain [12,13], is governed by

@G
@s

=

[
@2

4‘∗p @t2
+

@2

4‘p@’2 +
f cos’
kBT

t · z0 − �(’)
kBT

− ‘p
R2 sin

4 ’

]
G : (3)

The spectrum of Eq. (3) is discrete; for long chains, the average extension is obtained
by a direct integration with its normalised ground-state eigenfunction �0(t; ’):

〈Z〉= L
∫∫

|�0|2t · z0 cos’ dt d’ : (4)

The resulting force vs extension curve is shown in (Fig. 1)(A), which is obtained
with one adjustable parameter [12,13]. The agreement with experiments is satisfactory.
According to the model, the onset of cooperative extension at forces about 70 pN is
mainly caused by the yielding of the base-pair stacking interaction (where the base-pair
stacked pattern is severely distorted [13] 3 ). Below the onset of cooperative elongation,
DNA is very stiJ and calculations show that at f=50 pN the total extension of DNA is

3 Recently, some authors suggested the concept of stretching induced DNA melting. On other hand, work
by Gaub and coworkers observed the melting force to be about 150 pN [14].
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Fig. 1. Force-extension relationship for dsDNA. (A) the whole force range, with experimental data from
Fig. 2(A) of Ref. [4]. (B) low force range, experimental data from Fig. 5(B) of Ref. [2].

only 4:1% longer than its B-form length, in close accordance with the value of 4:6%
reported in Ref. [1]. This is related to the fact that the base-pair stacking intensity � is
very strong. At low forces (f¡ 10 pN), because the ;uctuation of the folding angle
’ is extremely small, it can just be neglected and DNA elasticity is caused by thermal
;uctuations of the axial direction t (entropic elasticity). The now well-known entropic
elasticity (wormlike chain) model with contour length L〈cos’〉f=0 and persistence
length 2‘∗p 〈cos’〉f=0 (see Fig. 1 (B)) is just an excellent approximation of the present
theory (see (B) of Fig. 1).

3. Double-stranded DNA with torsional stress

As dsDNA is composed of two sugar–phosphate strands, torsional stress can be
introduced by twisting the molecule [5]. Torsionally stressed dsDNA is termed as
“supercoiled”. Mathematically, a supercoiled dsDNA is characterized by its 1xed value
of linking number Lk. It measures the total topological turns by which one DNA
backbone winds around the other or around the central axis, and can be expressed
as the sum of the twisting number, Tw(r1; r), of backbone r1 around the central axis
r and the writhering number Wr(r) of the central axis, Lk = Tw + Wr. For dsDNA,
Tw(r1; r) = (1=2�)

∫
t × (−b) · d(−b) = (1=2�)

∫
sin’ ds=R [12]; and Wr is expressed

as a double integral [15]:

Wr =
1
4�

∫∫
ds ds′

@sr(s)× @s′r(s′) · [r(s)− r(s′)]
|r(s)− r(s′)|3 : (5)

Torsionally relaxed dsDNA is a right-handed double-helix, and the equilibrium linking
number Lk0 is nonzero; we introduce the supercoiling degree as # = (Lk − Lk0)=Lk0.
The complicated expression of writhing number Eq. (5) makes analytical calculation
diQcult, so we use Monte Carlo simulation instead. The dsDNA model introduced
in Section 2 is simulated under the constraint of 1xed supercoiling degree, and the
average extension of the molecule is obtained at each applied force [16]. The simulation
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Fig. 2. Supercoiling property of dsDNA. (A) Relative extension vs supercoiling degree at 1xed forces. Open
points denote experimental data [6] and solid points MC results [16]. (B) Folding angle distribution for
negatively supercoiled dsDNA pulled with a force of 1:3 pN.

result is demonstrated in Fig. 2 (A) and compared with experimental data. Both ex-
periment and theory showed that at low stretching, negatively and positively super-
coiled dsDNAs behave symmetrically; while at intermediate force ranges (about 1:0 pN)
the extension of negatively supercoiled dsDNA is almost independent of supercoiling
degree, indicating the existence of a structural transition. The nature of this transition
is investigated in the following.
Suppose a torque $ is acting on dsDNA, then the energy functional is E=Eb+ELJ−

f
∫
cos’ t · z0 ds−2�$Lk. For considerably straight dsDNA, Wr(r) � (1=4�)

∫
(tx dty=

ds − ty dtx=ds) ds [13], where tx and ty are the x and y components of t. The Green
equation for the supercoiled dsDNA is [13]

@G
@s

=

[
@2

4‘∗p @t2
+

@2

4‘p@’2 +
f cos’
kBT

t · z0 − �(’)
kBT

− ‘p
R2 sin

4 ’

+
$

RkBT
sin’− $

4kBT‘∗p

@
@(

+
$2

16‘∗p (kBT )2
sin2 )

]
G : (6)

The folding angle distribution P(’) is calculated by P(’)=
∫
�∗

0 (t; ’)�0(t; ’) dt, with
�0 the ground-state eigenfunction of Eq. (6). The numerically determined folding angle
distribution for negatively supercoiled dsDNA is shown in Fig. 2 (B).
We 1nd that as the torsional stress becomes large (with |#|¿ 0:025), two peaks

appear in the distribution, one at ’ � +57:0◦ (B-form DNA), the other at ’ � −48:6◦

(left-handed con1guration). Between these two peaks, there exists an extended region
of folding angle from 0◦ to 30◦ with an extremely small probability of occurrence.
Thus, a negatively supercoiled DNA can have two possible stable con1gurations. A
transition between these two structures will pass through the intermediate state where
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the two adjacent base-pairs are not stacked. At this point the base-pairs may break,
because a single unstacked base-pair is not stable; and it is possible that the left-handed
dsDNA is composed of two sugar-phosphate strands which are not mutually base-paired
[5,17]. Another possibility is that dsDNA is in Z-DNA con1guration [18].

4. Hairpin-coil transition in stretched single-stranded DNA

In a ssDNA one nucleotide base can interact with another (complementary) base on
the same chain to form a base-pair. In high salt conditions the possibility of forming
such base-pairs is considerable and hence ssDNA will be in the compact hairpin state.
Some threshold force is needed to drive the polymer into a random coil [7–10]. In the
following we discuss the in;uence of stacking interaction on the cooperativity of this
hairpin-coil transition process.
Consider a 1ctitious polymer chain made of N tiny beads (bases) with index i

from 1 to N . Between any two adjacent bases (i and i + 1) there is an elastic bond
of equilibrium length b and length variance ‘ (‘�b). For any two bases i and j, if
their mutual distance |rij| is less than a there could be a pairing potential V i;j

pair(rij);
we extend the work of Ref. [19] to suppose that if any two base-pairs are nearest
neighbours there is an additional stacking interaction J j; j−1

i; i+1 (rij ; ri+1; j−1) between them.
Only the secondary pairing patterns are considered: (1) each base can be unpaired or
be paired to at most one other base; (2) if base i is paired to base j (suppose i¡ j)
and k to l (k ¡ l), then either i¡ j¡k ¡l or i¡ k ¡l¡j.
The partition function can be calculated iteratively. The total statistical weight Zji (r)

for a polynucleotide segment (from base i to j) whose ends are separated by a distance
r is expressed as [19,20]

Zji (r) =
∫

du 0(u)Zj−1
i (r− u) + fji(r)

[
2∏
i=1

∫
dui 0(ui)

]
Zj−1
i+1 (r− u1 − u2)

+
j−2∑
k=i+1

[
3∏
i=1

∫
dui 0(ui)

]
dvfjk(v)Zk−1

i (r− u1 − v)Zj−1
k+1 (v − u2 − u3)

+ s(a− |r|)(1 + fji(r))

[
2∏
i=1

∫
dui 0(ui)

]
gj; j−1
i; i+1 Z

(p)j−1

i+1 (r− u1 − u2)

+
j−2∑
k=i+1

3∏
i=1

∫
dui dvs(a− |v|)(1 + fjk(r))g

j; j−1
k;k+1

×Zk−1
i (r− u1 − v)Z (p)j−1

k+1 (v − u2 − u3) : (7)

Here, 0(r)˙ exp(−(|r| − b)2=2‘2); fji(r) = exp[ − 2V j; i
pair(rij)] − 1; and s(x) = 1 if

x¿ 0 and 0 otherwise; g j; j−1
i; i+1 = exp[− 2J j; j−1

i; i+1 (rij ; ri+1; j−1)]− 1: Z (p) j

i is the statistical
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weight for a ssDNA segment whose two end bases (i and j) form a base pair:

Z (p) j

i (r) = s(a− |r|)(1 + fji(r))

[
2∏
i=1

∫
dui 0(ui)

]
Zj−1
i+1 (r− u1 − u2)

+ s(a− |r|)(1 + fji(r))

[
2∏
i=1

∫
dui 0(ui)

]
g j; j−1
i; i+1 Z

(p) j−1

i+1 (r− u1 − u2) :

(8)

To simplify the calculation, we assume the polymer chain to be homogeneous. Then in
Eqs. (7) and (8) we can write fji(r) as f(r); Zj; i(r) as Zj−i(r), etc.; and we just denote
the stacking potential to be a constant J and denote g = g j; j−1

i; i+1 (ri; j ; ri+1; j−1) = const:
De1ne 3(4; p) =

∫
dr (

∑∞
n=0 Zn(r)4

n)exp(ip · r) [19]. After considering Eqs. (7) and
(8), we can show [20] that 3(4; p) = D(4)=[1− #(p)D(4)]. Here

D(4) = 4+ 43(p)(4) =−6143 + 6242 + 4 (9)

with coeQcient 61 being a constant and 62 related to D: 61 = g7(4�)−3=2(b=‘), and
62(D) = D61[1 + (b2‘=g�3=2)

∫
dq #2(q)=(1− #(q)D)].

When an external force F is applied at the end of the ssDNA chain, the total partition
function is ZFN=

∫
dr ZN (r) exp(−2F·r). The Laplace transform of this partition function

is calculated to be
∑∞

N=0 Z
F
N 4

N = 3(4;−i2F). The smallest positive singularity point
of the function 3(4;−i2F) in the variable 4 corresponds to the free energy density of
the ssDNA chain [21]. We see that 3(4;−i2F) has a pole 4pole determined by

D(4pole) = 1=#(−i2F) = [2Fb=sinh(2Fb)] exp(−22F2‘2=2) : (10)

Function D(4) is related to the Laplace transform of the statistical weight of hairpin
state and has a 1nite convergence radius. The singularity of D(4) is related to the roots
of Eq. (9). To see this, we consider two extreme cases:

Case A: stacking potential J =0. In this case, g=0 and 61 =0 and Eq. (9) reduces
to second order. This situation has been studied in Ref. [19] and it was found that D(4)
has a second-order branching point at 4bp equalling the maximum of the expression
(−1+

√
1 + 4D62)=262, which is reached at D=Dbp¡ 1. When the force is less than

the threshold value Fcr determined by Eq. (10) at D=Dbp, the polymer resides in the
hairpinned phase with zero extension. At F = Fcr there is a second-order continuous
hairpin-coil phase-transition (because d4=dD = 0 at Dbp).

Case B: the stacking potential J so strong that g�1. In this case, 62 = D61 and
Eq. (9) is equivalent to (4 + 1=

√
61)(4 − D)(4 − 1=

√
61) = 0. When D6 1=

√
61, its

smallest positive root is 4=D; and when D¿ 1=
√
61, its smallest positive solution is a

constant 4=1=
√
61 ˙ (g7)−1=2. As a consequence, for F ¡Fcr which is determined by

Eq. (10) with D=1=
√
61, the polymer is in the hairpinned state; For F ¿Fcr the system

is in the random coil state; at F=Fcr there is a 9rst-order hairpin-coil phase-transition,
resulting from the fact that d4=dD|D=1=

√
61 = 1.



366 H. Zhou et al. / Physica A 306 (2002) 359–367

0 0.5 1
Relative Extension (b)

0

1

10

100

F
or

ce
 (

pN
)

J=1.0k T, γ=1.2

J=2.0k T, γ=1.2

J=0, γ=0

J=0, γ=1.2

B

B

J=6.0k T, γ=1.2B

200 250 300 350 400 450 500 550
Total Extension (nm)

10

0

10

20

30

40

50

F
or

ce
 (

pN
)

poly(dGdC): experimental records

Theoretical fitting: ln(η )=11.185281

_

(A) (B)

Fig. 3. Force-extension relationship for ssDNA. (A) The ssDNA bases are randomly ordered (experimental
data come from Ref. [7] (pulses) and [9] (squares)). (B) poly(dG-dC) sequence (experimental data from
Ref. [10]). J is the stacking potential, 7 accounts for the pairing potential intensity, and 61 accounts for the
combined intensity of pairing and stacking.

Comparing Cases A and B, we have the impression that the inclusion of base-pair
stacking interaction may dramatically change the statistical property of the ssDNA
system, even the order of the hairpin-coil phase transition. There is a critical strength
of stacking interaction Jcr , above which the ssDNA system shows 1rst-order phase
transition behaviour, and below which it shows continuous behaviour (cf. Ref. [20] for
more detailed analysis). This insight is used to understand some recent experimental
facts. In Fig. 3 the theoretical and experimental force-extension pro1les for two ssDNA
sequences are shown.

5. Conclusion

We have studied the elasticity of double- and single-stranded DNA polymers by
theoretical means, with the stacking interaction between nucleotide base-pairs being
explicitly incooperated. This work demonstrated the possibility of understanding DNA
elasticity by simple models and suggested the signi1cance of stacking interaction to
the mechanical stability and deformability of DNA double-helix. The improved under-
standing of DNA mechanics should be helpful for one to investigate the mechanical
property of DNA-protein complex, an outstanding example being chromatin.

References

[1] S.B. Smith, Y. Cui, C. Bustamante, Science 271 (1996) 795.
[2] S.B. Smith, L. Finzi, C. Bustamante, Science 258 (1992) 1122.
[3] C. Bustamante, J.F. Marko, E.D. Siggia, S. Smith, Science 265 (1994) 1599.
[4] P. Cluzel, A. Lebrun, C. Heller, R. Lavery, J.-L. Viovy, D. Chatenay, F. Caron, Science 271 (1996)

792.
[5] T.R. Strick, J.-F. Allemand, D. Bensimon, A. Bensimon, V. Croquette, Science 271 (1996) 1835.



H. Zhou et al. / Physica A 306 (2002) 359–367 367

[6] T.R. Strick, J.F. Allemand, D. Bensimon, V. Croquette, Biophys. J. 74 (1998) 2016.
[7] C. Bustamante, S.B. Smith, J. Liphardt, D. Smith, Curr. Opin. Struct. Biol. 10 (2000) 279.
[8] G.L. Wuite, S.B. Smith, M. Young, D. Keller, C. Bustamante, Nature 404 (2000) 103.
[9] B. Maier, D. Bensimon, V. Croquette, Proc. Nat. Acad. Sci. USA 97 (2000) 12 002.
[10] M. Rief, H. Clausen-Schaumann, H.E. Gaub, Nature Struct. Biol. 6 (1999) 346.
[11] W. Saenger, Principles of Nucleic Acid Structure, Springer, New York, 1984.
[12] H.J. Zhou, Y. Zhang, Z.-C. Ou-Yang, Phys. Rev. Lett. 82 (1999) 4560.
[13] H.J. Zhou, Y. Zhang, Z.-C. Ou-Yang, Phys. Rev. E 62 (2000) 1045.
[14] M.C. Williams, J.R. Wenner, I. Rouzina, V.A. Bloom1eld, Biophys. J. 80 (2001) 874;

M.C. Williams, J.R. Wenner, I. Rouzina, V.A. Bloom1eld, Biophys. J. 80 (2001) 1932;
I. Rouzina, V.A. Bloom1eld, Biophys. J. 80 (2001) 882;
I. Rouzina, V.A. Bloom1eld, Biophys. J. 80 (2001) 894;
H. Clausen-Schaumann, M. Rief, C. Tolksdor, H.E. Gaub, Biophys. J. 78 (2000) 1997.

[15] J.H. White, Am. J. Math. 91 (1969) 693.
[16] Y. Zhang, H.J. Zhou, Z.-C. Ou-Yang, Biophys. J. 78 (2000) 1979.
[17] T.R. Strick, V. Croquette, D. Bensimon, Proc. Nat. Acad. Sci. USA 95 (10) (1998) 579.
[18] H.J. Zhou, Z.-C. Ou-Yang, Mod. Phys. Lett. B 13 (1999) 999.
[19] A. Montanari, M. MSezard, Phys. Rev. Lett. 86 (2001) 2178.
[20] H.J. Zhou, Y. Zhang, J. Chem. Phys. 114 (2001) 8694.
[21] S. Lifson, J. Chem. Phys. 40 (1964) 3705.


	Elastic theories of single DNA molecules
	Introduction
	Double-stranded DNA with axial stress
	Double-stranded DNA with torsional stress
	Hairpin-coil transition in stretched single-stranded DNA
	Conclusion
	References


